We construct a differentiable family of non-contactomorphic contact structures on a non-compact ð2n À 1Þ-dimensional manifold. This generalizes a result of Eliashberg which shows the existence of non-contactomorphic open solid tori.
Introduction
The purpose of this paper is to generalize the result of Eliashberg [1] which shows the existence of noncontactomorphic open solid tori.
Let U be a ð2n À 1Þ-dimensional manifold. A contact structure on U is a completely non-integrable codimension 1 distribution. The complete non-integrability of can be expressed by the inequality ^ðdÞ nÀ1 6 ¼ 0 for a 1-form which defines (at least locally) the distribution , i.e., ¼ ker :¼ fv 2 TUjðvÞ ¼ 0g.
In this paper, we assume that can be globally defined by a 1-form . Let ðU i ; i Þ be two contact manifolds with i ¼ ker i , i ¼ 1; 2. A diffeomorphism : U 1 ! U 2 is called a contactomorphism if there exists a non-vanishing function f : U 1 ! R such that Ã 2 ¼ f 1 . In [1] , the contact open solid tori ðU ; Þ are defined as follows: Let S 3 be the unit sphere in C 2 and 0 be the field of complex tangencies to S 3 , i.e., for each point q 2 S 3 , 0q ¼ T q S 3 \ J 0 ðT q S 3 Þ, where J 0 is the standard complex structure on C 2 . Let ðz 1 ; z 2 Þ be the coordinate system in C 2 . For any positive < 1, the open solid torus fðz 1 ; z 2 Þ 2 C 2 j jz 1 j < g \ S 3 is denoted by U and the restriction of 0 to U by .
Then Eliashberg [1] proved the following theorem.
Theorem 1 (Eliashberg [1] ). ðU ; Þ is contactomorphic to ðU 0 ; 0 Þ if and only if the difference 1= 2 À 1=ð 0 Þ 2 is an integer.
In particular, this theorem shows that there is a differentiable family of non-contactomorphic contact structures on an open solid torus. But in the case of contact structures on closed manifolds, it is well-known by Gray's theorem [2] that differentiable families of contact structures are trivial, i.e., all contact structures in such families are contactomorphic.
In this paper, we generalize the above theorem in higher dimensions by using the same methods as in the original paper [1] .
In the case of n ! 2, we generalize the contact manifold ðU ; Þ as follows: Let S 2nÀ1 be the unit sphere in C n , n ! 2, and 0 be the field of complex tangencies to S 2nÀ1 , i.e., for each point
Þ, where J 0 is the standard complex structure on C n . Let ðz 1 ; . . . ; z n Þ be the coordinate system in C n . For any positive < 1= ffiffiffiffiffiffiffiffiffiffiffi
The contact structure on U is the restriction of 0 .
In this paper, a homeomorphism : U ! U 0 is called a contactomorphism between ðU ; Þ and ðU 0 ; 0 Þ if there exist an open neighborhood N ðU Þ ðresp. N ðU 0 ÞÞ of U ðresp. U 0 Þ and a contactomorphism É : ðN ðU Þ; j N ðU Þ Þ ! ðN ðU 0 Þ; j N ðU 0 Þ Þ such that Éj U ¼ . When there exists a contactomorphism : ðU ; Þ ! ðU 0 ; 0 Þ, we say that ðU ; Þ is contactomorphic to ðU 0 ; 0 Þ.
Then our theorem (Theorem 4.1) is stated as follows:
Theorem 2. If ðU ; Þ is contactomorphic to ðU 0 ; 0 Þ, then at least one of the following holds:
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Remark 3. Let a nn be the ðn; nÞ component of the matrix A in Sect. 4. Then, in view of the proof of Theorem 4.1, it is clear that the following hold:
2 is an integer. We want to have the complete generalization of the Eliashberg's theorem. But we could not prove that always a 22 ¼ 1 in [1] and could not construct a contactomorphism in each case. Therefore the problem left for us is to prove whether (1) and (2) are sufficient conditions and a nn ¼ 1 or not. This paper is organized as follows: We review the shape-invariant in the symplectic case in Sect. 1 and the shapeinvariant in the contact case in Sect. 2, following the original paper [1] . In Sect. 3, we prove a key proposition (Proposition 3.4). We prove our theorem in Sect. 4.
Shape-Invariant in the Symplectic Case
Following Eliashberg [1] , we review the shape-invariant in the symplectic case in this section. Let X be a 2n-dimensional manifold. A symplectic structure ! on X is a non-degenerate closed 2-form. The shapeinvariant is defined as follows:
Let M be a closed connected n-dimensional manifold. An embedding 
where is a Liouville form for !. The change of a Liouville form causes a translation of the set (#) in H 1 ðM; RÞ. In this paper, we denote the set (#) by IððX; Þ j M; Þ and call it the ððM; Þ; Þ-shape of X.
(In [1] , the set (#) is defined up to a translation and denoted by IðX j M; Þ.) Let ðX 1 ; ! 1 Þ and ðX 2 ; ! 2 Þ be two symplectic manifolds. An embedding ' :
There is a functorial property of the shape-invariant in the symplectic case.
Proposition 1.1 ([1]).
Let ðU 1 ; ! 1 Þ and ðU 2 ; ! 2 Þ be two 2n-dimensional exact symplectic manifolds with
and M be a closed connected n-dimensional manifold. Suppose that h :
In particular, if h is a symplectomorphism, then
We identify T n with R n =ð2ZÞ n and define the canonical 1-form can on the cotangent bundle
n Þ is a symplectic manifold with the canonical symplectic structure ! can ð¼ d can Þ. Choosing cohomology classes ½dq 1 ; . . . ; ½dq n as a basis of H 1 ðT n ; RÞ, we identify H 1 ðT n ; RÞ with the fiber R n of the fibration T Ã ðT n Þ ! T n . That is, under this identification, a point p ¼ ðp 1 ; . . . ; p n Þ 2 R n corresponds to the cohomology class of the closed 1-form
A be the embedding defined by iðqÞ ¼ ðq; aÞ for a fixed a 2 A. Then
Shape-Invariant in the Contact Case
In Sect. 1, we reviewed the shape-invariant in the symplectic case. Since we use the shape-invariant in the contact case, we also review it in this section, following [1] .
In this section, we assume that every contact structure is coorientable, that is, can be globally defined by a 1-form , which is determined up to a multiplication by a positive function. This 1-form is called a contact form for .
Let t be a coordinate of R þ ¼ ð0; 1Þ. The symplectic manifold ðU Â R þ ; dðtÞÞ is called the symplectization of the contact manifold ðU; Þ. Definition 2.1. Let M be an n-dimensional closed connected manifold and j : U,!U Â R þ be the map defined by jðxÞ ¼ ðx; 1Þ. Moreover fix a homomorphism : H 1 ðU; RÞ ! H 1 ðM; RÞ. Then, by Sect. 1, we define the set IððU Â R þ ; tÞ j M; j Ã Þ and call it the ððM; tÞ; Þ-shape of U.
Lemma 2.2 ([1]
). Let ðU; Þ be a ð2n À 1Þ-dimensional contact manifold with ¼ ker and f be a positive function on U. Let M be an n-dimensional connected closed manifold. Fix a homomorphism :
Lemma 2.3 ( [1] ). Let ðU; Þ be a ð2n À 1Þ-dimensional contact manifold with ¼ ker and M be an n-dimensional connected closed manifold. Fix a homomorphism :
RÞÞ is a cone (without the vertex).
By Lemmas 2.2 and 2.3, we can define the contact shape I c ððU; Þ j M; Þ of a contact manifold ðU; Þ.
Definition 2.4. Let be a contact structure on U cooriented by a contact form . Projectivizing the set IððU Â R þ ; tÞ j M; j Ã Þ, we have a well-defined set
We call it the contact ðM; Þ-shape of ðU; Þ.
Remark 2.5. Let ð¼ ker Þ be a contact structure on U cooriented by a contact form , and 0 be the contact structure with the opposite coorientation. Then it is easy to see that
There is a functorial property of the contact ðM; Þ-shape. In particular, if h is a coorientation preserving contactomorphism, then
In Sect. 1, we identified H 1 ðT n ; RÞ with R n . We consider the contact structure on the unit cotangent bundle ST Ã ðT n Þ ¼ T n Â S nÀ1 of the n-torus defined by
where is the natural inclusion ST Ã ðT n Þ,!T Ã ðT n Þ and can is the canonical 1-form defined as in Sect. 1. We have a reformulation of Theorem 1.2.
The Properties of the Contact Shapes
In this section, we review the contact manifolds ðU ; Þ and prove the properties of the contact shapes (Proposition 3.1, 3.3 and 3.4) which are necessary for proving our theorem.
Let S 2nÀ1 be the unit sphere in C n , n ! 2, and 0 be the field of complex tangencies to S 2nÀ1 , i.e., for each point
Þ, where J 0 is the standard complex structure on C n . Let ðz 1 ; . . . ; z n Þ be the coordinate system in C n . For any positive < 1= ffiffiffiffiffiffiffiffiffiffiffi n À 1 p , let us denote by D ðresp. T ) the set fðz 1 ; . . . ; z n Þ 2 C n j jz i j ði ¼ 1; 2; . . . ; n À 1Þg \ S 2nÀ1 ðresp. fðz 1 ; . . . ; z n Þ 2 C n jjz i j ¼ ði ¼ 1; 2; . . . ; n À 1Þg \ S 2nÀ1 Þ. We put U :¼ D nT . The contact structure on U is the restriction of 0 . The contact shapes can be calculated in the following case. For any 0 < < < 1= ffiffiffiffiffiffiffiffiffiffiffi n À 1 p , we define the domains V ð& U Þ and À ð& S nÀ1 Þ by 
. . . ; n. Recall that the contact structure 0 on S 2nÀ1 is defined by the standard contact form
Recall also that the standard contact structure on the unit cotangent bundle ST Ã ðT n Þ ¼ T n Â S nÀ1 of the n-torus is defined by the 1-form
Then the map g :
is an embedding and satisfies
Therefore the map g is a contact embedding and satisfies
Hence, by Proposition 2.6, we have
It is easy to see that gj V i ¼ i, where i is the embedding defined by iðqÞ ¼ ðq; aÞ for a fixed a 2 À . Hence, by Theorem 2.7, we have
This completes the proof of Proposition 3.1. Ã
The following proposition holds. 
(3) there exists a diffeomorphism ' : T n ! T n such that the following diagram commutes and that ' Ã does not depend on the choice of " and " 0 .
Proof. We prove (1). For any 0 < < < 1= ffiffiffiffiffiffiffiffiffiffiffi n À 1 p , we define the subset A of S 2nÀ1 by fðz 1 ; . . . ; z n Þ 2 C n j < jz i j ði ¼ 1; 2; . . . ; n À 1Þg \ S 2nÀ1 and put W :¼ A nT . Then we note that V ¼ W
and
. . . ; n e i' n Þ 2 W " and z 0 2 T , we have
Therefore, we have
is monotone decreasing for each i ði ¼ 1; 2; . . . ; n À 1Þ, we have
That is dðz; T Þ < for all z 2 W " . On the other hand, dðK " 0 0 ; T Þ ¼ . Hence we have
That is we have (1) . Since the map Èj V " : ðV " ; Þ ! ðV " 0 0 ; 0 Þ is a coorientation preserving contact embedding, by Proposition 2.6, (2) holds obviously.
We prove (3). We first show that ðÈj V " Þ Ã is an isomorphism. There exists a positive " 00 ð< 0 Þ such that È À1 ðV " 00 0 Þ & V " . Then we have V " 00 0 & V " 0 0 and È È À1 ðzÞ ¼ z for z 2 V " 00 0 . Let : V " 00 0 ,!V " 0 0 be the inclusion. By the commutativity of the following diagram, ðÈj V " Þ Ã is injective.
Let A and B be matrixes associated to ðÈj V " Þ Ã and ðÈ À1 j V " 00 0 Þ Ã relative to bases of H 1 ðV " 0 0 ; ZÞ, H 1 ðV " ; ZÞ and H 1 ðV " 00 0 ; ZÞ, respectively. Then the components of A and B are integers and BA ¼ I, where I is the unit matrix. Hence we have A À1 ¼ B, and therefore ðÈj V " Þ Ã is surjective. Moreover the maps i " Ã and i " 0 0 Ã are isomorphisms. Hence the map "" 0 : H 1 ðT n ; ZÞ ! H 1 ðT n ; ZÞ defined by
is an automorphism of H 1 ðT n ; ZÞ. Therefore, it is easy to see that there exists a diffeomorphism ' :
For another positives " 1 ð< Þ and " 1 0 ð< 0 Þ, we may assume that " 1 0 > " 0 and " 1 ! ". Let 1 : V " 1 0 0 ,!V " 0 0 and 2 : V " 1 ,!V " be the inclusions. It is easy to see that
Hence, we get
Therefore, the map ' Ã does not depend on the choice of " and " 0 . This completes the proof of Proposition 3.2.
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We now define a map P' Ã : PH 1 ðT n ; RÞ ! PH 1 ðT n ; RÞ by
Then we have the following proposition from Proposition 3.2.
Proposition 3.3.
Proof. Since the map ' of Proposition 3.2 (3) is a diffeomorphism, we have
And, noting that i "
Projectivizing the result we get
This completes the proof of Proposition 3.3. Ã Using Propositions 2.6, 3.1 and 3.3, we have the following key proposition. 
Let A be the matrix associated to ' Ã relative to the basis f½dq 1 ; . . . ; ½dq n g. Then clearly the components of A are integers and by (1) 
